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Abstract
This survey covers various topics related to afﬁne diameters of convex bodies in Euclidean space.
It describes the known properties of afﬁne diameters and contains a list of existing and new open
problems. Also, characterizations of simplices and centrally symmetric convex bodies, as well as a
description of a measure of symmetry in terms of afﬁne diameters, are given.
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1. Introduction
Although the notion of afﬁne diameter of a convex body can be traced in the literature
from the beginning of the 20th century (see, e. g., [7,9,72,73]), it has become a focus
of proper interest over the last 50 years. Thus, Hammer [28–30] used afﬁne diameters
to characterize centrally symmetric convex bodies. Klee [40], generalizing the results of
Neumann [59] and Süss [74], related afﬁne diameters to the critical set of a convex body.
Finally,Grünbaum’s survey [27] onmeasures of symmetry of convex bodieswidely operates
with afﬁne diameters.
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This article is the ﬁrst survey on various topics related to afﬁne diameters of convex bodies
in Euclidean space. It summarizes the known results on afﬁne diameters, scattered in the
research papers on convex geometry, and contains a list of known and new open problems.
Because of space limitations, we do not cover the results on extended afﬁne diameters (see
[29–31,34,35]) and on afﬁne diameters of typical convex bodies (see [4,79]).
The article’s content is described by section headings as follows.
1. Introduction
2. Classes of afﬁne diameters
3. Basic properties of afﬁne diameters
4. Central symmetry and afﬁne diameters
5. The critical ratio and the critical set
6. Spreads of afﬁne diameters
7. A characterization of simplices
8. Conjugate afﬁne diameters
In what follows, by a convex bodywemean a compact, convex set with nonempty interior
in the Euclidean space Ed . A convex body is called strictly convex if its boundary contains
no line segment.A chord of a convex bodyK ⊂ Ed is a line segment [a, b], whose endpoints
a and b are distinct and both lie in the boundary of K. As usual, bdK and intK stand for
the boundary and the interior of K. A convex d-polytope is a convex polytope of dimension
d. Finally, Br(a)= {x ∈ Ed | ‖x − a‖r} denotes the close spherical r-neighborhood of
a point a ∈ Ed .
2. Classes of afﬁne diameters
From the variety of afﬁne diameters of convex bodies, metric diameters are the most
known and studied. Let us recall that a chord [a, b] of a convex body K ⊂ Ed is a metric
diameter provided it is a chord of maximum length in K. The following elementary fact on
metric diameters is well-known in convex geometry.
2.1. Let [a, b]beametric diameter of a convexbodyK ⊂ Ed andHa ,Hb be the hyperplanes
through a and b, respectively, both orthogonal to [a, b]. Then Ha and Hb support K such
that K ∩Ha = {a} and K ∩Hb = {b}.
Proof. Assume for amoment that at least one of these hyperplanes, sayHa , either intersects
intK or supports K at more than one point. In either case, there exists a point x ∈ K ∩Ha
distinct from a. SinceHa is orthogonal to [a, b], we have ‖x− b‖> ‖a− b‖, contradicting
the choice of [a, b]. Hence K ∩Ha = {a}. By a similar argument, K ∩Hb = {b}. 
Amore general notion is that of a double normal: a chord [a, b] of a convex bodyK ⊂ Ed
is called a double normal provided the hyperplanes through a and b, both orthogonal to
[a, b], support K. Clearly, any metric diameter of K is a double normal. The existence of
a double normal distinct from a given metric diameter follows from the statement below
(see, e. g., [9]).
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2.2. Let H1, H2 be a pair of distinct parallel hyperplanes in Ed both supporting a given
convex bodyK ⊂ Ed such that the distance betweenH1 andH2 equals the width of K, i.e.,
this distance is minimum possible among all such pairs of supporting hyperplanes. Then
there are points u ∈ K ∩H1 and v ∈ K ∩H2 such that [u, v] is orthogonal to bothH1 and
H2; whence [u, v] is a double normal of K.
Proof. For any direction l in Ed , denote by s(l) a chord of K that has the maximum length
in the direction l. Let l∗ be a direction that minimizes the length of s(l) over all directions
l in Ed , and put [u, v] = s(l∗). As proved in 3.1 below, there is a pair of distinct, parallel
hyperplanesH1 andH2 both supporting K such that u ∈ K ∩H1 and v ∈ K ∩H2. If [u, v]
were not orthogonal to bothH1 andH2, then the direction l′ orthogonal toH1 andH2 would
give a chord s(l′) that is shorter than s(l∗). Hence [u, v] is a double normal of K. 
It is interesting to compare the minimum number of metric diameters and that of double
normals of a convex body. For example, the ellipsoid
C =
{













1, b1>b2> · · ·>bd > 0
}
has one metric diameter (the longest axis of C) and exactly d double normals (the axes of
C). Moreover, the following profound statement holds.
2.3. Any convex body in Ed has at least d double normals.
The priority of 2.3 is not clear. It was posed as a problem by Klee [41] in 1960 and
afﬁrmatively answered by Kuiper [43] in 1964. At the same time, 2.3 is mentioned as a
known fact in Lyusternik’s book [49], published in 1956, without any reference or proof.
2.4. Deﬁnition. A chord [a, b] of a convex bodyK ⊂ Ed is said to be an afﬁne diameter of
K provided there are two parallel, distinct hyperplanes Ha and Hb both supporting K such
that a ∈ Ha and b ∈ Hb.
Unlike double normals, the hyperplanes Ha and Hb from 2.4 are not assumed to be
orthogonal to [a, b]. Obviously, afﬁne diameters can be characterized as afﬁne images of
double normals.
A restricted class of afﬁne diameters is deﬁned by Soltan and Nguyên [69]: a chord [a, b]
of a convex bodyK is called an exposed diameter ofK provided there are two distinct parallel
hyperplanes Ha and Hb both supporting K such that K ∩Ha = {a} and K ∩Hb = {b}.
If [a, b] is a metric diameter of a convex body K ⊂ Ed , then for any regular afﬁne
transformation f : Ed → Ed , the chord [f (a), f (b)] is an exposed diameter of the convex
body f (K). Makeev [51] mentioned that the converse statement is not, generally, true. He
also observed that if a convex bodyK ⊂ Ed is smooth and strictly convex, and the Gaussian
curvature of bdK is positive, then any afﬁne diameter of K is an afﬁne image of a metric
diameter.
It is easy to see that any convex body K in Ed has inﬁnitely many afﬁne diameters.
As proved by Soltan and Nguyên [69], a convex body K ⊂ Ed has ﬁnitely many exposed
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diameters if and only ifK is a convex polytope; in this case, the number of exposed diameters
is at least d, with exactly d if and only if K is a d-cross-polytope.
Answering a problem of Blaschke [7], Süss [72,73] and Matsumura [57] (see also
[9,12,45]) proved that any planar convex body K has at least three afﬁne diameters with the
same curvature of bdK at the end points of each of the diameters.
3. Basic properties of afﬁne diameters
Hammer [30] deﬁned an afﬁne diameter of a convex body K ⊂ Ed as a longest chord
of K in a given direction. Later Hammer [31] made an observation (without proof) that this
deﬁnition is equivalent to 2.4. Below we give a proof of this equivalence.
3.1. A chord [a, b] of a convex body K ⊂ Ed is an afﬁne diameter of K if and only if it is
a longest chord of K in a given direction.
Proof. Let [a, b] be an afﬁne diameter of K, and Ha , Hb be parallel hyperplanes both
supporting K such that a ∈ Ha and b ∈ Hb. Denote by l the direction of [a, b]. If [x, z] is
a chord of K parallel to l, then from the fact that [x, z] lies between Ha and Hb we easily
conclude the inequality ‖x − z‖‖a − b‖. Hence [a, b] is a longest chord of K in the
direction l.
Conversely, let [a, b] be a longest chord of K in a given direction l. Consider the
convex body K ′ = (a − b) + K . Clearly, a ∈ K ′. We claim that K and K ′ do not
overlap.
Indeed, assume, for contradiction, that the bodies have a common interior point, c. Then
the point e = c + (b − a) belongs to the interior of K and ‖c − e‖ = ‖a − b‖. In this case,
the chord of K through c and e has the direction l and is longer than [a, b], contradicting
the choice of [a, b].
Hence K andK ′ have no common interior point, which implies the existence of a hyper-
plane H separating K andK ′. Since both K andK ′ contain a, H also contains a. As a result,
the hyperplane (b−a)+H , containing b, also supports K. Thus [a, b] is an afﬁne diameter
of K. 
By a compactness argument, we conclude from 3.1 the following property of afﬁne
diameters (see, e. g., [53]).
3.2. For any direction l in Ed , there is an afﬁne diameter of a convex body K ⊂ Ed in the
direction l.
It is interesting that 3.2 was used by Bang [3] in 1951 as a known fact, without any
proof or reference.Another basic property of afﬁne diameters, formulated in 3.3 below, was
proved by Hammer (see [29] for d = 2 and [31] for all d2).
3.3. Any point of a convex body K ⊂ Ed belongs to an afﬁne diameter of K.
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Proof. Let x be a point in K. If x ∈ bdK , then there is a hyperplaneH through x supporting
K. IfH ′ is another hyperplane parallel toH and supportingK, then for any point y ∈ H ′∩K ,
the chord [x, y] is an afﬁne diameter of K.
Now assume that x ∈ intK , and let r be the maximum positive real number with the
property (1 + r)x − rK ⊂ K . Due to the choice of r, there exists at least one common
boundary point, say a, of the bodies K and (1 + r)x − rK . Denote by H a hyperplane
supporting K at a. Clearly, b= (1+ r)x − ra is a boundary point of K such that x ∈ [a, b],
and the hyperplane H ′ = (b − a)+H contains b and supports K. In other words, [a, b] is
an afﬁne diameter of K. 
A study of similar properties of metric diameters and double normals gives the following
statement (see [11], [22]).
3.4. For a convex body K ⊂ Ed , the following conditions are equivalent:
(a) for any direction l in Ed , there is a double normal of K parallel to l,
(b) any point x ∈ K lies on a double normal of K,
(c) every double normal of K is a metric diameter,
(d) K is a body of constant width.
4. Central symmetry and afﬁne diameters
If a convex body K ⊂ Ed is symmetric about a point x, then any chord through x is an
afﬁne diameter of K. In 1954, Hammer [30] proved the converse statement (a year later
independently proved by Buseman [10, pp. 89–90].
4.1. If x is an interior point of a convex body K ⊂ Ed such that every chord through x is
an afﬁne diameter of K, then K is symmetric about x.
Proof. Let L be a two-dimensional plane through x, and B be the intersection of K and L.
Then B is a planar convex body, and every chord of B through x is an afﬁne diameter of B.
We claim that x bisects every afﬁne diameter of B through it. Let B1 be the reﬂection of B
about x. Denote by  and 1 the respective boundaries of B and B1. Since x is interior to B,
 and 1 intersect in at least two points.
Let  = () represent  in a polar coordinate system with the pole at x. Then 1() =
(+ ) represents 1. Moreover, since any line through x contains an afﬁne diameter, say
[u, v], of B, there is a unique tangent line l(u) at u, except possibly a countable number of
points of , such that the line through v and parallel to l(u) is also a tangent to . Hence
′1/1 = ′/ at all except possibly a countable number of points. Hence = c1 because
 and 1 are continuous, and c= 1 because  and 1 intersect. As a result, B1 =B and x is
a center of symmetry B. Since L was chosen arbitrarily, K is symmetric about x. 
The requirement that x is an interior point is needed in 4.1 since every proper chord
of a convex bounded cone through its apex is an afﬁne diameter of the cone. The
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following simple result gives a similar criterion for strictly convex, centrally symmetric
convex bodies.
4.2. For a convex body K ⊂ Ed the following conditions are equivalent:
(a) K is strictly convex and centrally symmetric,
(b) there is a point x ∈ intK such that every afﬁne diameter of K contains x.
One more characteristic property of centrally symmetric convex bodies in terms of afﬁne
diameters is proved by Falkoner [25] for d = 2 and Khassa [39] for d3.
4.3. Let K ⊂ Ed be a convex body such that for every direction l and for every pair of
parallel hyperplanesH1, H2 both supporting K and parallel to l, there is an afﬁne diameter
of K in the direction l lying mid-way between H1 and H2. Then K is centrally symmetric.
4.4. (Harazišvili [36]) If any chord of a planar convex body K that divides the area of K
into two parts of equal areas is an afﬁne diameter of K, then K is centrally symmetric.
5. Critical ratio and critical set
Afﬁne diameters are used in the study of critical ratios, also called measures of symmetry,
and critical sets of a convex body. The ﬁrst results on critical ratios were obtained by
Minkowski [58]. Namely, for a given point x of a convex body K ⊂ Ed , let fH (x) be the
ratio, not exceeding 1, in which a hyperplane H through x divides the distance between two
supporting hyperplanes ofK both parallel toH. Put f (x)=min fH (x), where the minimum
is taken over all hyperplanes H through x, and let fK = max{f (x) | x ∈ K}. Minkowski
[58], for d = 2, 3 (see also [24]), and later Radon [61], for all d2, showed that if z is the
center of gravity of K, then f (z) 1
d
, and whence fK 1d .
A signiﬁcant part of the study on critical ratios is developed by means of chords (see
[27]). Let x be an interior point of a convex body K ⊂ Ed . For every chord p = [a, b]
through x, denote by rp(x) the ratio, not exceeding 1, in which x divides p:
rp(x)=min
{‖a − x‖





Obviously, rp(x) is a continuous function inp,with 0<rp(x)1.Nowput r(x)=min rp(x),
where the minimum is considered over all chords p through x. Equivalently,
r(x)=max {r0 | (1+ r)x − rK ⊂ K}.
From the proof of 3.3, we conclude the following observation.
5.1. Let x be an interior point of a convex body K ⊂ Ed . Then any chord of K divided by
x in the ratio r(x) is an afﬁne diameter of K.
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The number
rK =max{r(x) | x ∈ K}
is called the critical ratio of K (also called Minkowski’s measure of symmetry of K), and
the set
K∗ = {x ∈ intK | r(x)= rK}
is called the critical set of K. Obviously, K is centrally symmetric if and only if rK = 1;
in this case K∗ consists of a unique point, the center of symmetry of K. As mentioned by
Grünbaum [27], rK = fK for any convex body K ⊂ Ed .
The critical ratio of a planar convex body was initially considered by Neumann [59], who




and (x) as the minimum of p(x) over all directed chords p though x. In this way, (x) is
always at most 12 . This deﬁnition was further used in [74,75].
Hammer [28] deﬁned the number rp(x) for a cord p = [a, b] through x as
rp(x)=max
{‖a − x‖




and r(x) as the maximum of rp(x) over all chords p though x. As a result, r(x) is always at
least 12 . This approach was followed in [6,40,46,78].
Grünbaum’s [27] deﬁnition above is used in [16–19,66]. It is compatible with a more
general approach of Grünbaum [27] to measures of symmetry of convex bodies in Ed .
Clearly, the direction of a chord p divided by x in a critical ratio and a critical setK∗ of the
convex body K are the same for any of the above approaches.
The lower bound for rK (in terms of (x)) was initially studied by Neumann [59], who
proved that the critical ratio of a planar convex body K is greater than or equal to 12 , with
rK = 12 if and only if K is a triangle. Süss [74] and independently Hammer [28] showed that
if z is the center of gravity of a convex bodyK ⊂ Ed , then r(z) 1
d
, and, as a result, rK 1d(see also [6,23,46]). Danzer et al. [13] used Helly’s theorem to show that any convex body
K ⊂ Ed contains an iterior point x such that rK(x) 1d . Klee [40] (also [6,46,78]) proved
that the equality rK = 1d is characteristic for the d-simplexes in Ed .
Negatively answering a question ofHammer [32], Besicovitch andZamﬁrescu [5], proved
the existence of a planar convex body K and a point x ∈ intK such that the set of all ratios
into which x divides the afﬁne diameters through x is uncountable.
Neumann [59] showed that the critical set of a planar convex body consists of a single
point (see also [18,74]), while A. Sobczyk [29,33] observed that critical points are not
generally unique when d3. For example, the critical set of the prism
P = {(x1, x2, x3) ∈ R3 | 0x1, x2, x312, x1 + x212},
is the line segment with the end points (4, 4, 3) and (4, 4, 9).
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The following result, published in [16], is attributed to Hammer (see [40]).
5.2. For any convex body K ⊂ Ed , the critical set K∗ is a closed, convex set.
Proof. Let x and y be any points in K∗. Then both sets
Kx = (1+ rK)x − rKK, Ky = (1+ rK)y − rKK
are contained in K. If z= (1− )x + y, 01, is a point on the segment [x, y], then
(1+ rK)z+ rKK ⊂ conv(Kx ∪Ky) ⊂ K .
From the deﬁnition of rK it follows that z ∈ K∗. Hence K∗ is a convex set. By a similar
argument, K∗ is closed. 
Furthermore, Klee [40] proved that for a convex body K ⊂ Ed , the inequality
r−1K + dim K∗d
holds. From here we easily conclude that K∗ is of dimension at most d − 2. Indeed, if
rK = 1 then K is centrally symmetric and K∗ consists of a single point. If rK > 1 then
dim K∗d − r−1K d − 2.
In addition, Klee [40] showed that any point x ∈ K∗ belongs to at least 1+ r−1K chords
of K divided by x in the ratio rK . Now 5.1 immediately implies the following result, proved
by Neumann [59] for d = 2 (see also [18,27,77]).
5.3. For a convex body K ⊂ Ed , any point x in a critical set K∗ belongs to at least three
afﬁne diameters of K.
One can ask whether the number three in 5.3 is sharp. At least, we can remark that there
can be exactly three chords though a critical point x ∈ K each divided by x in the ratio rK .
Indeed, let e1, . . . , ed be the standard basis of Ed and T be an equilateral triangle in the
plane L(e1, e2), centered at 0. Consider the convex body
K = conv(T ∪ {e3,−e3, . . . , ed ,−ed}).
Clearly, 0 is the only critical point of K, rK = 12 , and the medians of T are the only chords
of K divided by 0 in the ratio 1:2.
For a given point x of a convex body K ⊂ Ed , Dziechin´ska-Halamoda and Lason´ [18]
characterized the inclusion x ∈ K∗ in terms of chords of K (for d = 2), while Dziechin´ska-
Halamoda [16] made a similar characterization in terms of supporting cones of K (for all
d2).
In 1981, Romanowicz (see [17,19]) posed the problem on whether any convex body in
Ed is the critical set of some convex body of an appropriate dimension. This problem was
positively solved byDziechin´ska-Halamoda [16] for the case of centrally symmetric convex
bodies, and by Dziechin´ska-Halamoda and Szwiec [19] for the case of convex polytopes.
Using the technique elaborated in [16], Laget [44] proved that any d-dimensional convex
body is the critical set of a convex body in Ed+2.
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6. Spreads of afﬁne diameters
Dol’nikov [15] observed that any afﬁne diameter of a convex body K in Ed is intersected
by another afﬁne diameter of K. The following statement slightly improves this assertion.
6.1. The middle point of any afﬁne diameter of a convex body K ⊂ Ed belongs to another
afﬁne diameter of K.
Proof. Let [a, b] be an afﬁne diameter of K and c be the middle point of [a, b]. If r(c)= 1,
then c is the center of symmetry of K and any chord through c is an afﬁne diameter of K. If
r(c)< 1, then, by 5.1, there exists an afﬁne diameter [v,w] of K divided by c in the ratio
r(c). Clearly, [v,w] = [a, b]. 
LetS(Ed) denote the family of smooth, strictly convex bodies inEd , andG(Ed) denote
the family of convex bodies in Ed , each of them having a C2-smooth boundary of positive
Gaussian curvature. Makeev [50,51] proved the following statements:
(a) any afﬁne diameter of a convex body K ∈ S(Ed) in Ed is intersected by continuum
many afﬁne diameters of K,
(b) for any afﬁne diameter p of a convex body K ∈ G(Ed), there exists a pair of afﬁne
diameters of K both intersecting p and forming a preassigned angle between them,
(c) if d is even, then for any afﬁne diameter p of a convex bodyK ∈ G(Ed), there exists an
afﬁne diameter of K intersecting p at a preassigned angle,
(d) for any two disjoint afﬁne diameters of a convex body K ∈ G(E3), there is an afﬁne
diameter intersecting both of them.
Another type of results on spreads of afﬁne diameters is related to the number of afﬁne
diameters that contain a given point. In 1963, Grünbaum [27] posed the following problem.
6.2. Problem. Does any convex bodyK ⊂ Ed contain a point that belongs to at least d+1
afﬁne diameters?
In the same paper, Grünbaum asked whether every convex body K ⊂ Ed has either
continuummany points each belonging to more than one afﬁne diameter, or a point belong-
ing to continuum many afﬁne diameters. Dol’nikov [15] (with some incompleteness) and
Harazišvili [37] gave a positive answer to this question (see also [51]). Soltan and Nguyên
[66] proved the following statement.
6.3. Any convex bodyK ⊂ Ed has either continuummany points each belonging to at least
three afﬁne diameters, or a point belonging to continuum many afﬁne diameters.
Proof. First, we prove the following auxiliary statement: if a given point x ∈ intK belongs
to ﬁnitely many, say m, chords of K, each divided by x in the ratio r(x), then there is a
neighborhood V ⊂ intK of x such that any point y ∈ V belongs to at least m afﬁne
diameters of K.
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Let li = [ai, bi], i = 1, . . . , m, be the chords of K divided by x in the ratio r(x). Put
K ′ = (1+ r(x))x − r(x)K .
By the deﬁnition of r(x), the bodyK ′ lies in K and touches the boundary of K at endpoints
of the chords l1, . . . , lm. If r(x)=1, then xwould be the center of symmetry of K and every
chord through xwould be an afﬁne diameter, contradicting the ﬁniteness hypothesis. Hence
r(x)< 1 and there is ai-neighborhoodBi (ai) of ai such thatBi (ai) ∩ bdK ′ lies inK and
intersects bdK only at the point ai . Let  be any number between 0 and min{1, . . . ,m}
such that the neighborhoods B(ai), i = 1, . . . , m, are pairwise disjoint.
Now, consider the family of sets
K()= (1− )x + K ′, > 1.
By a continuity argument, there is a numberi > 1 such that for any ∈ ]0, i[, the connected
component ofK()\K containing the point ai()= (1− )x + ai lies entirely in B(ai).
Analogously, there is a number > 0, such that for every point x′ in the -neighborhood
B(x), the connected component of (K()−x+x′)\K containing the point ai()−x+x′
lies entirely in B(ai), i = 1, . . . , m. Applying a continuous homothetic contraction of
K()− x + x′, we obtain that for some i ∈ ]0, 1[, the set
(1− i )x′ + i (K()− x)
touches bdK from within at a point a′i ∈ B(ai). As in the proof of 5.1, we conclude
that a′i is an end point of an afﬁne diameter through x. Since the neighborhoods B(ai),
i = 1, . . . , m, are pairwise disjoint, we have m distinct afﬁne diameters through x.
Finally, let x be a critical point of K, and denote byL the family of chords of K divided
by x in the critical ratio rK . Clearly,L is closed in the natural topology of Ed and contains
at least three elements (see 5.3). If there are at least three isolated chords inL, then, by the
consideration above, we ﬁnd a continuum of points each of them lying in at least three afﬁne
diameters. IfL contains at most two isolated chords l, l′, thenL\{l, l′}, being nonempty,
is perfect, and hence contains continuum many elements. 
Nguyên [60] proved that any convex d-polytope in Ed has a continuum of points each
belonging to at least ﬁve afﬁne diameters. We pose here the following problem.
6.4. Problem. Is it true that any convex body inEd has either continuum many points each
belonging to at least 2d−1 afﬁne diameters, or a point belonging to continuummany afﬁne
diameters?
For a convex body K ⊂ Ed , denote by Q(K) the set of all points in the interior of K
each of them belonging to an even number of afﬁne diameters ofK. Soltan and Nguyên [68]
showed that for any planar convex body K, the set intK\Q is dense in K. Independently,
Makeev [52] proved this result for the case of smooth, strictly convex bodies in the plane.
A similar statement was also proved (with some inaccuracies) by Nguyên [60] for the case
of a convex d-polytope P ⊂ Ed with the property that each point x ∈ int P belongs to
ﬁnitely many afﬁne diameters ofP. LaterMartini and Soltan [55] proved that for any convex
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d-polytopeP ⊂ Ed with the property above, the setQ(P ) has d-dimensional measure zero.
Based on these results, the following problem is posed in [55].
6.5. Problem. LetK ⊂ Ed be a convex body andQ(K) be the set of points in intK each of
them belonging to an even number of afﬁne diameters. IsQ(K) of d-dimensional measure
zero?
The following statement ofHammer [29] originated the studyof extended afﬁne diameters
of convex bodies in two and three dimensions (see [29–31,34,35]).
6.6. For a given convex body K ⊂ Ed , any point in Ed belongs to the line extending an
afﬁne diameter of K.
Proof. Let x be a point in Ed . Due to 3.3, it sufﬁces to consider the case x ∈ Ed\K .
Consider a ray with the apex x that intersects K in boundary points v and w so that [v, x]
contains w. In particular, v may coincide with w on a supporting ray, or [v,w] may be a
chord of K on its boundary. The ratio ‖v − w‖/‖v − x‖ varies continuously as a function
of the angle formed by the ray [x, v) with a ﬁxed direction. Hence the ratio must attain a
maximum value, .
Let K ′ = x + (1 − )(K − x), i. e., K ′ is the image of K by the similarity about x with
coefﬁcient 1−.We claim thatK andK ′ have no interior points in common. Indeed, assume
for contradiction, the existence of a point z that belongs to both intK and intK ′. Let l be the
ray through z with apex x. Then l intersects K in boundary points v1 and w1 so that [v1, x]
contains w1. Similarly, l intersects K ′ at boundary points
v′1 = x + (1− )(v1 − x), w′1 = x + (1− )(w1 − x)
such that [v′1, x] contains w′1. Moreover, from our assumption it follows that v′1 ∈ ]v1, z[⊂]v1, w1[. As a result,
‖v1 − w1‖
‖v1 − x‖ >
‖v1 − v′1‖
‖v1 − x‖ = ,
contradicting the choice of . Hence K andK ′ have no interior points in common, and there
is a hyperplane H through w supporting both K and K ′. Obviously, the hyperplane through
v parallel to H also supports K. 
7. A characterization of simplexes
In 1951,Hammer [29] askedwhether the d-simplex is characterized among convex bodies
in Ed, d2, by the property that any of its interior points lies on precisely d + 1 afﬁne
diameters. Two years later Eggleston [20] (see also [21]) answered positively Hammer’s
question for the case d = 2. Eggleston’s result was sharpened by Soltan and Nguyên [68]:
a planar convex body is a triangle if and only if any of its interior points belongs to at
least two but ﬁnitely many afﬁne diameters of K. In fact, the last statement is an immediate
consequence of the following result from [68].
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7.1. For a planar convex body K, the following conditions are equivalent:
(a) any interior point of K belongs to at least two afﬁne diameters of K,
(b) either K is a triangle or any interior point of K belongs to inﬁnitelymany afﬁne diameters
of K.
One can easily see that number d + 1 in Hammer’s question above is incorrect for d3.
Indeed, if S is a 3-simplex inE3, then any interior point of S belongs to exactly seven afﬁne
diameters of S: four of them contain, respectively, the vertices of S and another three join
the pairs of crossing edges of S.
By a similar consideration, one can easily conclude that for any interior point x of a
d-simplex S ⊂ Ed and for any pair of disjoint faces F,F ′ of S with the property dim F +
dim F ′ = d − 1, there exists an afﬁne diameter [a, b] through x such that a ∈ rint F and
b ∈ rint F ′. As a result, x belongs to exactly 2d − 1 afﬁne diameters of S.
A corrected version of Hammer’s question for the case d3 was proposed by Soltan and
Nguyên [67] as follows.
7.2. Problem. Is it true that the d-simplex is the only convex body in Ed such that any of
its interior points belongs to exactly 2d − 1 afﬁne diameters?
A positive answer to this problem was given by Martini et al. [54] for the case of convex
d-polytopes. Later their result was sharpened in [65] as follows. LetP is a convex d-polytope
with the vertex-set {a1, . . . , an}. For any real number r > 0, put
Pr = ∪{P ∩ Br(ai) | 1 in},
where Br(ai) denotes the r-spherical neighborhood of ai .
7.3. For a convex d-polytope P, the following conditions are equivalent:
(a) P is a d-simplex,
(b) any point x ∈ int P belongs to exactly 2d − 1 afﬁne diameters of P,
(c) for any r > 0, there is a countable set Z ⊂ int P dense in Pr and such that any point
x ∈ Z belongs at least 2d − 2 but ﬁnitely many afﬁne diameters of P.
We pose here the following new problem.
7.4. Problem. Is it true that a convex body K ⊂ Ed is a simplex if and only if any of its
interior points belongs to at least 3 · 2d−2 − 1 but ﬁnitely many afﬁne diameters of K?
Problem 7.4 is partly conﬁrmed by the following two statements, proved in [60,65],
respectively.A convex 3-polytopeP=conv(a1, a2, a3, a4, a5) is called a bisimplex provided
it can be represented as the union of two non-overlapping simplices conv(a1, a2, a3, a4) and
conv(a2, a3, a4, a5) such that any plane L ⊂ E3 parallel to a facet F of P and supporting P
(F /⊂ L) intersects P only at one of the points a2, a3, a4.
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7.5. A convex 3-polytope P is either a simplex or a bisimplex provided any of its interior
points belongs to at least four but ﬁnitely many afﬁne diameters of P.
7.6. Let P be a convex 3-polytope satisfying the condition: for any r > 0 there is a countable
set Z ⊂ int P dense in Pr such that any point x ∈ Z belongs to at least ﬁve but ﬁnitely
many afﬁne diameters of P. Then P is either a simplex or a bisimplex.
From either of 7.5 or 7.6 we easily derive that a convex 3-polytope in E3 is a simplex if
and only if any of its interior points belongs to at least ﬁve but ﬁnitelymany afﬁne diameters.
8. Conjugate afﬁne diameters
This section gives a brief overview of results on conjugate afﬁne diameters of convex
bodies. For additional information on this topic, see Gruber [26], Heil and Krautwald [38],
and a recent survey of Martini et al. [56].
Two afﬁne diameters of a planar convex body K are called conjugate provided there is a
parallelogram P circumscribed aboutK such that the sides of P are parallel to the diameters.
Clearly, the endpoints of these afﬁne diameters belong to the sides of P.
Conjugate afﬁne diameters were used as a geometric tool for the study of orthogonality in
linear normed spaces. This explains why conjugate afﬁne diameters were ﬁrst studied for the
case of centrally symmetric convex bodies, associated with the unit balls of a linear normed
space. It seems that Auerbach [1] was the ﬁrst who proved that any centrally symmetric
convex bodyK in the plane has a pair of conjugate afﬁne diameters. His proof is based on the
fact that the diagonals of an inscribed in K parallelogram of maximum area are conjugate
afﬁne diameters of K. Another way of ﬁnding conjugate diameters is due to Day [14],
who showed that if P is a parallelogram of minimum area circumscribed about a centrally
symmetric convex body K in the plane, then the segments joining midpoints of opposite
sites of P are conjugate afﬁne diameters of K.
Lenz [48] shows that these two ways always give different pairs of conjugate afﬁne
diameters, unless K is determined by a Radon curve; in the last case any afﬁne diameter
of K has a conjugate afﬁne diameter. A Radon curve (see [62]) is deﬁned as a regular
afﬁne image of a convex curve C with center 0 in the plane, such that its polar is a 90o
rotation about 0. As it is shown in [62], a centrally symmetric convex body K in the plane
is bounded by a Radon curve if and only if any afﬁne diameter of K has a conjugate afﬁne
diameter.
A non-symmetric generalization of Radon curves is introduced by Blaschke [8], who
deﬁned P-curves as closed convex curves in the plane, which have a continuous family of
inscribed convex quadrilaterals of maximum area. Blaschke proved that: (i) P-curves are
exactly the convex curves for which any afﬁne diameter has a conjugate afﬁne diameter,
(ii) Radon curves are centrally symmetric P-curves.
Probably, itwas Stein [70,71],whoﬁrst observed the existence of a pair of conjugate afﬁne
diameters of any planar convex body. This fact was independently reproved by Sobczyk
[64]. Finally, Heil and Krautwald [38], generalizing the considerations above, showed that
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for a convex body K in the plane:
(a) the diagonals of an inscribed convex quadrilateral of maximum area are conjugate
afﬁne diameters of K,
(b) if P is a parallelogram of minimum area circumscribed about K, then K has a pair of
conjugate afﬁne diameters parallel to the sides of P,
(c) either the pairs of conjugate afﬁne diameters from (a) and (b) are different, or there are
inﬁnitely many pairs of conjugate afﬁne diameters of K.
Nowwewill deﬁne conjugate diameters in higher dimensions. IfK is a convex body inEd ,
d2, then a family of d afﬁne diameters s1, . . . , sd ofK is said to be conjugate provided the
directions of s1, . . . , sd spanEd (equivalently, these directions are linearly independent) and
the end-points of any diameter si , i=1, . . . , d, belong, respectively, to two different hyper-
planes Hi,H ′i both supporting K and parallel to every diameter s1, . . . , si−1, si+1, . . . , sd .
It is easy to see that if K is symmetric about a point z, then the diameters s1, . . . , sd can be
chosen to have z as a common point.
Although, Banach [2] attributed the existence of conjugate afﬁne diameters of a centrally
symmetric convex body K ⊂ Ed to Auerbach, the ﬁrst published proofs of this fact are
due to Day [14] and Taylor [76], who showed that if P is a d-parallelotope of minimum
volume circumscribed about K, then the segments joining midpoints of opposite facets of
P are conjugate afﬁne diameters of K. Taylor [76] (and later [63]) proved that the diagonals
of a d-cross-polytope of maximum volume inscribed in K are also conjugate diameters
of K.
Sobczyk [64] observed that the existence of conjugate afﬁne diameters of an arbitrary
convex body K in Ed follows from the centrally symmetric case. Indeed, considering the
centrally symmetric convex body M = K − K and choosing conjugate afﬁne diameters
s1, . . . , sd ofM, one gets a system of d conjugate afﬁne diameters ofK parallel to s1, . . . , sd ,
respectively. Clearly, the afﬁne diameters of K do not necessarily have a point in common.
Sobczyk [64] conjectured that any convex bodyK ⊂ Ed has a system of d conjugate afﬁne
diameters with a common point.
Higher-dimensional analogues of Radon curves and P-curves lead to afﬁne images of
balls and bodies of constant width. Namely, a centrally symmetric convex body K ⊂ Ed
is an ellipsoid if and only if it satisﬁes the following property: any afﬁne diameter of K
belongs to a system of d conjugate afﬁne diameters of K (see [47]). The same property for
an arbitrary convex body K ⊂ Ed takes place if and only if K is an afﬁne image of a body
of constant width (see [42]).
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